Coherent states suitable for the description of molecular rotations are developed and their connection to similar coherent states in the literature are explored. In particular their quasiclassical properties are developed. The use of such coherent states in time-dependent electron nuclear dynamics studies of molecular collision processes is discussed.
I. INTRODUCTION
Coherent states ͑CS͒ are a set of elements ͕͉͖͘ of a Hilbert space H. All CS share two properties in common: 1 ͑1͒ continuity, i.e., the states ͉͘ are continuous functions 1 of a parameter set ,
͑2͒ resolution of the identity, i.e., there exists a positive measure d ϩ у0 for which 1ϭ ͵ d ϩ ͉͉͗͘.
͑2͒
There exists a weaker formulation of the second property which will allow a larger class of CS: 1 (2Ј) The closed linear span of ͕͉͖͘ is the Hilbert space H. This means that any state vector in the Hilbert space may be represented as a ͑possibly infinite͒ linear sum of CS. 1 Such CS may satisfy a resolution of the identity with an indefinite measure d Ϯ , 1ϭ ͵ d Ϯ ͉͉͗͘.
͑3͒
Both in the stronger and the weaker definitions, the CS form a nonorthogonal overcomplete set.
There are a great variety of CS known and used in various areas of physics. For problems in molecular physics and in chemistry the canonical CS 2,1 also referred to as Glauber states 3 are commonly used. 4 These states ͕͉␣͖͘ are associated with the harmonic oscillator Hamiltonian H vib ϭប(a † aϩ 1 2 ), where is the angular frequency. The harmonic oscillator creation operators can be expressed as
in terms of the self-adjoint operators of position x and momentum p , where m is the oscillator mass. The complex parameter ␣ can be expressed in terms of the real parameters of average position x ␣ ϭ͗␣͉x ͉␣͘ and average momentum p ␣ ϭ͗␣͉p ͉␣͘ as
͑5͒
An expansion in terms of harmonic oscillator stationary states ͕͉n͘, nϭ0,1,...͖ exists,
from which the resolution of the identity is readily proven with the positive measure
The spin coherent states ͕͉␤͖͘, with a complex parameter ␤, constitute another example of CS used in molecular physics. 1 These states are associated with the total spin angular momentum S ជ ϭ(S x S y S z ) and an expansion in terms of spin eigenstates ͕͉SM͘, It suffices here to mention as a third example the fermion CS, 1 also known as the Thouless determinant. 5, 6 These CS are used, e.g., in the description of many-electron systems. 4 For N electrons in a basis of rank KуN the normalized Thouless CS ͕͉z͖͘ can be expressed as
where z denotes the set of complex parameters ͕z ph ͖, the b i † and b i are the fermion creation and annihilation operators, respectively, and where
The resolution of the identity exists with the positive measure A set of coherent states may be related to a particular Lie group. Rasetti 7 and Solomon 8 have made seminal contributions to the theory of group-related CS. Perelomov 9 introduced a systematic procedure for the construction of such group-related CS. For instance, the canonical CS of the harmonic oscillator are related to the Weyl group, the spin CS to the special unitary group SU͑2͒, and the Thouless CS to the unitary group U͑K͒. There are, however, important CS that are not group related. The construction of coherent states requires a portion of mathematical intuition.
II. QUASICLASSICAL COHERENT STATES
A prominent property of many CS is their quasiclassical dynamics. A state ͉͘ is said to be quasiclassical when the evolution of average position, momenta, and energy,
satisfy classical Hamilton equations, i.e.,
In other words, the average position and momentum of the quasiclassical state evolve in time as the position and momentum of their classical analogs. One should note that the definition of a quasiclassical state does not demand the semiclassical limit ប→0 to be invoked. Neither is there a priori any guarantee that a quasiclassical state even exists for a given Hamiltonian. Ehrenfest's theorem 10 offers a means to investigate the quasiclassical property, i.e., the equations
should reduce to the classical ones of Eq. ͑16͒ for the state ͉͘ to be quasiclassical. In this manner it is straightforward to show that the canonical CS of Eq. ͑6͒ are quasiclassical. In particular,
͗␣͉p ͉␣͘ϭ p ␣ ͑ t ͒ϭͱ2mប Im͓␣ exp͑Ϫit ͔͒ and the total energy using the harmonic oscillator Hamiltonian is
where
is the classical energy of the harmonic oscillator. This particular set of CS satisfies the minimum uncertainty relation
where the widths ⌬x ␣ (t) and ⌬p ␣ (t) are
The coordinate representation of the canonical CS is
͑23͒
where ␣ (t) is a global phase. The spin CS, Eq. ͑8͒, are quasiclassical with respect to a Hamiltonian describing the spin dynamics under a time-dependent magnetic field. 11,1 Minimum uncertainty conditions are also known for this CS. 11, 1 There are CS that do not exhibit the quasiclassical property. The Thouless CS is not a quasiclassical state. However, it is possible to obtain classicallike equations for the Thouless parameters via the time-dependent variational principle ͑TDVP͒.
4,12

III. ELECTRON NUCLEAR DYNAMICS AND COHERENT STATES
In this section, we make the connection between the CS and the electron nuclear dynamics ͑END͒ theory. 13, 4, 12 The END wave function 4 is
͑24͒
where ␥ END (t) is the total phase. At the simplest level of approximation the nuclear part F nucl is the product of Gaussian wave packets of positions R(t) and momenta P(t),
and the electronic part f el ͓z ph (t),R(t),͔ϭ͉z͘ is the fermion ͑Thouless͒ CS shown above. The very role of the fermion CS is to provide a nonredundant and continuous parametrization of the singledeterminant electronic wave function. It should be noted that the total system END wave function is given in the laboratory frame and includes translational and overall rotational motion. Using this approximate ⌿ END (t) and the TDVP a set of classical Hamilton-like equations are obtained for the Thouless parameters z(t) and z*(t). 13, 14, 4, 12 In order to obtain the proper END equations for this level of approximation the quantum mechanical Lagrangian is first obtained in the limit of zero width nuclear Gaussian wave packets. This approach leads to a classical treatment of the nuclei that retains the nonadiabatic electron-nuclear coupling terms. This approximation may be described as full, nonlinear time-dependent Hartree-Fock ͑TDHF͒ for electrons and narrow wave packet nuclei.
The time propagation of a molecular system undergoing a reaction may produce a set of product fragments. One important aim of molecular reaction dynamics is to predict the distribution of products over rovibrational states. The treatment of such a reactive process at the simplest END level of approximation leads to a fragment in some electronic state with its system of nuclei vibrating and rotating as a classical object. It has been demonstrated how the END representation of the nuclear part of such a fragment under very general conditions factors as
Viewing this wave function, even in the narrow wave packet limit, as an evolving state and representing this state in terms of suitable CS makes possible an a posteriori quantum state resolution of the nuclear dynamics. In this way we adopt the approximate labeling of product states in terms of vibrational ͑harmonic oscillator͒ quantum numbers and rotational ͑rigid rotor͒ quantum numbers. Obviously, more ambitious CS could be attempted, but this level of sophistication seems reasonable for low energy reactive collisions.
The a posteriori vibrational analysis in terms of harmonic oscillator CS has been outlined ͑see Ref. 12͒ and applied to obtain vibrationally resolved differential cross sections for proton collisions with hydrogen molecules at 30 eV, 15 in excellent agreement with experiment. A corresponding analysis for a quasiclassical treatment of the rotational dynamics is an interesting prospect and the necessary development is discussed in this paper.
IV. ROTATIONAL COHERENT STATES
The term rotational CS denotes those CS which are quasiclassical with a field-free rotor Hamiltonian. It is important to emphasize that the previously discussed spin CS is not a rotational CS by virtue of the preceding definition. Most of the rotational CS known in the literature stem in some way from the spin CS. Except for one case discussed below, 16 the majority of the rotational CS concerns the description of the linear rotor.
The first known rotational CS were derived by Atkins and Dobson. 17 The Atkins-Dobson CS are group generated by the Schwinger boson operators of the angular momentum, 18 have a positive measure, and can in principle be applied to linear rotors. An interesting and more useful contribution to the theory of rotational CS was made by Janssen, 16 ,1 who constructed rotational CS for the general asymmetric rotor. Janssen CS ͕͉xyz͖͘ can be expressed as
where ͉IMK͘; Iϭ0, ..ϮI are the integer ͑boson͒ and half-integer ͑fermion͒ rotational states associated with the asymmetric rotor Hamiltonian, x, y, and z the CS parameters, and J IM K (x,y,z) a set of coefficients. Janssen CS are not group generated and have an indefinite measure. These CS satisfy quasiclassical dynamical equations when evolved by the asymmetric rotor Hamiltonian in the Hilbert space spanned by the states ͉IMK͘. An interesting feature is that the Janssen CS are identical to the Atkins-Dobson CS in the limit of the linear rotor. The proof of that identity involves a proper reparametrization of Janssen CS. Both sets of CS have the property of mixing half-integer and integer quantum numbers. Therefore, they are not directly useful for the discussion of molecular rotational spectra for which a corresponding development in terms of only integer quantum numbers is necessary. Similar developments were published by Bhaumik et al., but again for the case of the linear rotor states ͉IM Kϭ0͘. A review of some rotational CS for linear rotors was published by Fonda et al. 19 This study discusses the Atkins-Dobson CS among many others but misses those by Janssen and Bhaumik et al. More importantly, new CS generated by the SO(3) R 5 group are developed there to study diatomic molecules in the presence of an electromagnetic field.
In this section we introduce a new set of rotational CS following closely the definition of Janssen. Only integer quantum numbers are used for these CS and their quasiclassical behavior is analyzed.
A. Rotor Hamiltonian
The pure rotor Hamiltonian for a molecular system can be written as
where A i (iϭx,y,z) are the moments of inertia and L i the body-fixed components of the orbital angular momentum. Please note that from here on បϭ1. The analogous space-fixed components of orbital angular momentum are Ĵ i and the following relations hold (Ĵ 2 ϭL 2 ):
where ⑀ ikl are the components of the Levi-Civita tensor. Note the so-called anomalous commutation relationship 20 of the L i components. As a result of these commutation relationships, there exists a complete set of rotor eigenstates ͉IMK͘ so that
These rotor eigenstates in angular representation are ͗,,͉IMK͘ϭͫ
where D MK I (,,) are elements of a rotation matrix ͑Wigner D functions͒. 20 It follows from the above commutator relations that the rotational Hamiltonian satisfies
The Hamiltonian eigenfunctions ⌿ IM ␣ must satisfy
where the superscript ␣ is an additional label of a particular rotational eigenstate. Another set of relations implied by the above commutation relations is
The ⌿ IM ␣ eigenfunctions are expressed in the symmetric rotor basis as
where the coefficients c K IM ␣ are to be determined. In the special case of a spherical rotor AϭA x ϭA y ϭA z ͑e.g., CH 4 and SF 6 ), the eigenvalue problem simplifies to
In the case of a prolate symmetric rotor, the moments of inertia satisfy A x рA y ϭA z ͑e.g., CH 3 Cl and PCl 5 ). The eigenvalue problem then becomes
The equivalent expressions for the case of an oblate symmetric rotor A x ϭA y рA z ͑e.g., CHCl 3 and C 6 H 6 ) can be obtained by interchanging the A x with the A z in the last equations. The case of the linear rotor ͑e.g., all diatomics, CO 2 , and C 2 H 2 ) is obtained as the A x ϭ0 limit of the prolate symmetric case. Then
where the Y IM (,) are the spherical harmonics. 20 Finally, in the case of an asymmetric rotor, with the moments of inertia satisfying A x рA y рA z ͑e.g., CH 2 H 2 ), the eigenfunctions ⌿ IM ␣ keep their linear combination form, and the c K IM ␣ coefficients must be specifically calculated.
B. Groups
Although the set of CS under construction is not group related in the Perelomov sense, it is, of course, connected to the rotation groups. Specifically, the states ͉IMK͘ span the irreducible representations of the semidirect product of SO͑3͒SO͑3͒ with an Abelian group. The generators of the first SO͑3͒ group are the L i , referring to the molecule-fixed frame, while those of the second one are the Ĵ i referring to the space-fixed frame. The generators of the Abelian group R (2ϩ1) 2 belong to a family of tensor operators T (ϭ0, ..,Ϯ). We select the tensors with ϭ1 in order to limit the CS to integer rotational quantum numbers. These tensor operators commute among themselves, i.e.,
and satisfy the relations
In addition to the commutation relations among these tensor operators we need the ones with the SO͑3͒ generators in Eq. ͑29͒ and the relations ͑30͒,
as well as
The rotation matrix elements D (␣,␤,␥), (ϭ0, Here it suffices to know that
C. Construction of coherent states
The straightforward application of Perelemov's prescription 9 would make the set of rotational coherent states be
where the X(x,) and Z(z,) operators are two parametrizations of the SO͑3͒ group 
with the complex parameters y
Ϫvϩ1 y ϪϪ 1 * . This mode of construction combines two spin CS with CS belonging to the abelian group R 9 . This produces a set of CS of some complexity, which will not be further analyzed.
Instead, in analogy with the Janssen's approach, 16 we propose the simpler construction
͔͉000͘, ͑50͒
where the parameter y relates to the above discussion such that yϭy Ϫ1Ϫ1
where the operator Î is defined by ͑compare Ref. 16͒
Î͉IM K͘ϭI͉IM K͘. ͑52͒
The effect of the f (Î) function is to generate a desired Poisson distribution by canceling some factors occurring in Eq. ͑46͒. The operator Î can be expressed in terms of the Schwinger boson operators, but in the present context it can be seen as a purely formal construct that serves to simplify some expressions. Note the subtle differences in the normalization factor and in the right exponential operator in comparison to those in Ref. 16 . It follows straightforwardly that
and that
where nϭIϩK has been used from the second to the third line. By changing M to K, and L ϩ to Ĵ ϩ , the analogous expansion of e xĴ ϩ ͉IϪIϪI͘ is obtained. These results make possible the following expression for the CS:
Each member in this set of CS is normalized to unity since ͗xyz͉xyz͘ϭexp͓Ϫyy*͑1ϩxx*͒ 
Then, it follows immediately ͓see Eq. ͑55͔͒ that
͉xyz͘. ͑62͒
Note that both the CS from Ref. 16 and the present ones satisfy the weaker version of the second condition for CS, because the measure of neither is positive.
D. Coherent state operator averages
In order to develop the dynamics related to the rotational CS certain operator averages need to be determined. Evaluation of the necessary integrals involves using some properties of the binomial power expansion and the Poisson distribution. The final results are as follows:
where i j, and the notation ͗¯͘ϭ͗xyz͉¯͉xyz͘ is used. By changing L i to Ĵ i , and z to x* in the above expressions, the averages of the components of Ĵ are obtained. The integral ͗xyz͉Î͉xyz͘ turns out to be slightly different from that of Ref. 16 . However, the functionality of the first-order averages with respect to that basic integral remains essentially the same and real differences appear in the second-order averages. Uncertainty relationships for the CS can be derived by combining the well-known relationship 10 
͑ ⌬L
with Eqs. ͑64͒ and ͑65͒ to obtain
0 if ϭ0.
͑69͒
Note that in the special case of ͗L i ͘ϭ͗L j ͘ϭ0, Ͼ0 the uncertainty relationship is minimized for that pair of components, i.e., (
E. Reparametrization
For the purpose of physical interpretation a new parametrization of the CS is introduced. The parameters related to the spin CS, i.e., x and z, are changed by adopting the stereographic projection onto a plane
where 0р␣,␥р2, and 0р␤,␦р. The remaining parameter y is expressed as
where 0ррϱ and 0р⑀р2. 
͑76͒
From these expressions, it follows that the parameter is the angular momentum modulus, the pairs of angles ␥,␦, and ␣,␤ are the azimuthal and the polar angle of the ͗L ͘ and ͗Ĵ͘ vectors in the body-fixed and the space-fixed frame, respectively. The angle ⑀ is associated with the relative orientation of the body-fixed and the space-fixed frames. Finally, the probability P IM K (,␤,␦) to find the rotational state ͉IMK͘ in the CS is This probability exhibits more detail than is commonly needed and when used in the calculation of suitable S-matrix elements averaging procedures will wash out the excessive details.
F. Coherent state dynamics
Applying Ehrenfest's theorem to the operators L i for iϭx,y,z, i.e.,
and for ϭ0,
͑82͒
The quasiclassical rotation vector or angular velocity is then defined with components
0, ϭ0.
͑83͒
The quasiclassical nature of this rotation vector is evident from
which are the classical Euler equations for the motion of a rigid body without torque. 21 It follows that the rotation vector ជ behaves exactly as that of a classical rigid body with the same moment of inertia when the CS are propagated by the Schrödinger equation with the Hamiltonian of Eq. ͑28͒. This is analogous to the classical motion Eq. ͑18͒ of the harmonic oscillator CS Eq. ͑6͒.
However, the definition of the rotation vector in Eq. ͑83͒ differs from the definition
by Janssen, 16 which corresponds exactly to the classical definition
This means that for the Janssen all-spin rotational CS the expectation values of the angular momenta L i are quasiclassical variables, whereas they are not for our integer-only rotational CS. Inspection of Eq. ͑83͒ reveals that the variables
are quasiclassical. This difference requires some explanation, which, as will be shown, is to be found in the Heisenberg uncertainty principle. The proportionality factor (ϩ 1 2 )/ between the quasiclassical variables and the expectation values of L i is a constant of the motion related to the total angular momentum. The limit of total angular momentum tending to zero is equivalent to →0 ͓Eq. ͑76͔͒. This means that for the Janssen all-spin CS 2 
where we have used the convention A z уA y уA x . From this it follows that 2 →0 when the angular momentum is decreased to zero and the CS are ''spinning down.'' In contrast, the same calculation for the integer-only CS shows that
and, thus, as the angular momentum decreases toward zero these CS keep ''spinning'' with an angular momentum of 1 2 in units of ប, i.e., the zero angular momentum state cannot be reached by continuously decreasing the value of the angular momentum.
This result is related to the uncertainty principle. The orientation of the rigid body in terms of the Euler angles with decreasing angular momentum cannot be determined precisely, neither can the rotation vector being the time derivative of the orientation. As a result the integer-only CS, which are the appropriate ones to describe rotating bodies, yield a finite lower bound to the value of the angular velocity as the angular momentum decreases. Thus, since the angular velocity cannot decrease below a certain value, one cannot assume that the orientation can change by an arbitrarily small amount in a given time interval. It is noteworthy that apart from the lower bound Eq. ͑89͒ in the rotation vector length the motion is completely classical. The lower bound tends to zero for increasing moments of inertia indicating that this effect is not present for macroscopic bodies.
The remaining question is why the Janssen all-spin CS do not exhibit this finite lower bound on the angular velocity vector. The answer lies in the fact that half-integer spin systems have angular momenta that do not correspond to any position coordinate. As a result they always possess an uncertainty of 1 2 ប in the orientation part of the total angular momentum even when its value tends to zero. For such CS the attempt to precisely define the angular momentum orientation does not introduce additional constraints allowing the angular velocity to decrease to zero when the total angular momentum does.
V. APPLICATIONS
The rotational CS can with advantage be applied to spectroscopic analysis of molecular processes. For instance, the harmonic oscillator CS have been employed to successfully predict the distribution of reaction products over vibrational quantum states. 22 The role of the CS in this analysis was to allow a detailed a posteriori quantum level analysis of calculations on a reactive molecular system that only employed essentially classical trajectories. This procedure results in great savings of computer time and thus increases the range of studies to quite complex chemical reactions.
Because rotations and vibrations are intimately coupled in molecular systems, such analysis is most successful when both kinds of motion are treated on an equal footing. This is accomplished by combining the canonical CS and the integer-only rotational CS developed here. The theory can be applied without difficulties to general molecular fragments and it is straightforward to study a general asymmetric rotor. However, in order to avoid inessential technicalities we describe in this section how the theory applies to a diatomic molecule, which can be thought of as a linear rotor.
A. Linear rotor CS
By selecting the body-fixed z axis of a diatomic molecule (A x ϭA y , A z ϭ0) as that of the molecular bond, the component of the angular momentum vector L in that direction vanishes at all times (Kϭ0). In that case, the rotational states ͉IMK͘ become the eigenstates of the linear rotor, i.e., the spherical harmonics Y IM (,), see Eq. ͑39͒. Furthermore, inserting z ϭ0 into Eq. ͑84͒ makes the other two components of in the body-fixed frame constant as well. This implies that the z parameter does not vary in time, its specific value being dependent on the orientation of the x and the y axes in the body-fixed frame. The CS of Eq. ͑55͒ then become
where the superfluous terms in z IϩK have been omitted. Alternatively, these CS can be reparametrized so that
When the CS are prepared with the vector ͗␣␤͉Ĵ͉␣␤͘ normal to the xy plane ͑i.e., with ͗␣␤͉J x ͉␣␤͘ϭ͗␣␤͉J y ͉␣␤͘ϭ0) it holds that the initial value of ␤ is 0, or . Consider the case ␤ϭ0. Then,
where the angle ␣ has been arbitrarily set to zero. The CS time evolution of ͉0␤(t)͘ diat from that initial condition, is
where Ĥ is the diatomic Hamiltonian, A the moment of inertia, and
In the last line of Eq. ͑93͒, the explicit form 23 Y IϮI ͑ ,͒ϭ͑Ϫ1͒
has been used. From Eqs. ͑93͒ and ͑95͒, it is easy to see that the rotational CS peak symmetrically around ϭ/2 ͑i.e., the maximum lies in the xy plane͒ throughout the evolution. The shape of the rotational CS with respect to the angle is more difficult to describe analytically. For large values, the superposition of the spherical harmonics given by Eq. ͑93͒ is sharply peaked around IϭI max ϳ. When this holds, the sum over I can be approximated by an integration. The evaluation of that integral by the stationary phase method 24 reveals that the CS peak around the value ϭ max where
This implies that when the total angular momentum is high the peak's center moves with the constant angular velocity z along the equator of the , sphere. The general properties of the diatomic rotational CS can be easily derived form this example prepared with ␤ϭ0. If the rotation R (␣,␤,0) is applied to ͉00͘ diat then the general diatomic rotational CS, Eq. ͑91͒, are recovered
where the properties of the spherical harmonics have been applied and where the angles Ј and Ј are given with respect to the rotated space-fixed frame. The rotation transforms the vector ͗␣␤͉Ĵ͉␣␤͘ from the z direction of the space-fixed frame to the ͑␣,␤͒ direction, in accordance with Eq. ͑75͒. The final expression in Eq. ͑97͒ is formally identical to the nonrotated CS in Eq. ͑92͒. The properties of ͉␣␤͘ diat are the same as those of ͉00͘ diat but now referred to a plane normal to the vector ͗␣␤͉Ĵ͉␣␤͘.
No closed form expression is known for the rotational CS Eq. ͑55͒ or Eq. ͑90͒. However, in Sec. V B a wave function for a diatomic molecule is constructed that clarifies the CS and makes their structure more explicit.
B. The diatom END wave function
For purposes of interpretation in terms of CS we rewrite the END wave function in the center-of-mass ͑c.m.͒ frame. The actual END propagation is always done in the space-fixed laboratory frame, but the analysis of reagents ͑at the initial time͒ and products ͑at the final time͒ is better done in the c.m. frame of each fragment. The END wave function for each fragment in the narrow wave packet limit for the nuclei and with a Thouless determinant 5 for the electrons takes the form ⌿ END ͑ X,x,t ͒ϭF nucl ͓X;R͑ t ͒,P͑ t ͔͒ f el ͓x;z͑ t ͒,R͑ t ͔͒exp͓i␥ END ͑ t ͔͒, ͑98͒
when there no longer exist any overlaps or exchange terms between fragments. For the case of a diatomic fragment the nuclear part consists of two generalized frozen Gaussian wave packets,
The electronic part f el ͓z(t),R(t)͔ is a Thouless single determinant wave function. The total phase ␥ END (t) is the quantum mechanical action
in terms of the END quantum Lagrangian L(R,P,z). The Gaussian wave packets have finite width, 1/a k , explicitly defined as those of canonical CS ͓compare Eqs. ͑22͒ and ͑23͔͒. The SC limit of zero width then yields the simplest END approximation.
The transformation to the c.m. coordinates is using Jacobi coordinates, i.e.,
with a similar transformation of the average nuclear positions
and with M ϭm 1 ϩm 2 the total mass. This transformation results in the product of two independent Gaussian wave packets:
F nucl ͑ X;R,P͒ϭF 0 ͑ X 0 ;R 0 ,P 0 ͒F int ͑ x;r,p͒ ͑103͒
only if the condition: 1 ϭ 2 ϭ is imposed. Then it follows that
and F int ͑ x;r,p͒ϭ
Here, the new momentum parameters are
respectively, where is the reduced mass. The transformed exponents turn out to be
in units of 1/ប. The electronic part of the wave function, being a function of relative nuclear positions only, is not be affected by this transformation. A similar partition of the total phase means that
where ␥ 0 (t) contains only the nuclear c.m. variables and ␥ int (t) the internal nuclear variables along with the electronic parameters. The c.m. part is a Gaussian with a trivial time evolution. This part together with its phase ␥ 0 (t) can be totally separated from the rest leaving the internal END wave function
The internal wave function is now split into a vibrational and a rotational part. Because of the coupling of rotations and vibrations in molecules this separation must be approximate. Define x ϭxn and rϭrm, where n and m are unit vectors. For a vibrating molecule rotating with rotation vector we write the momentum
with p v the vibrational part of the momentum parallel to the axis of the molecule and b the equilibrium bond length. The END evolution of the molecule is described through the parameters r(t), p(t), and z(t) only. When the coupling of rotation and vibration is neglected the rotation vector is constant yielding the angular momentum
The exponent of F int (x;r,p) in Eq. ͑105͒ becomes Since x and r are close the angle is small and so is /2Ϫ. Using these facts in an order analysis considering xϪr as small, omitting terms of third order or higher in the real part, and of second order or higher in the imaginary part, and leaving out the coupling term result in
Replacing r in the angular part by the equilibrium bond distance b, using Eq. ͑109͒ for a , and expressing and in terms of the polar coordinates , of x in the laboratory frame using obvious right spherical triangles produces a vibrational and a rotational factor
with
The general case is obtained by rotating to the orientation ␣,␤ in the laboratory frame. Identification of the CS parameter can be accomplished by evaluation of the expectation values of Ĵ and its square with respect to the END wave function Eq. ͑99͒,
One finds easily that such that the CS parameter may be identified with the total nuclear angular momentum b 2 of the diatomic molecule in units of ប.
The expansion of the rotational factor of the END wave function Eq. ͑119͒
should be compared to the CS Eq. ͑93͒ using Eq. ͑95͒
The two series have the same structure for the arguments and , but consecutive terms in the CS series decrease less rapidly as functions of I. Even though the two functions are not identical the rotational CS are useful for final state analysis. That the vibrational CS match the vibrational part of the END wave function is, of course, not surprising as the END wave function is built from Gaussians with the appropriate widths. The CS, because of their nature, retain shape during evolution. Thus, the choice of fixed a Gaussian shape for the END wave function ensures that also the shape of the rotational factor persists during evolution. Our analysis has shown that the average orientation and the width match those of the rotational CS. Furthermore, the END wave function by the TDVP construction is limited to the dynamics of average values, which are the internal vibrational coordinates and orientation of the body fixed frame. It then makes sense to replace the factors of the END wave function by their CS counterparts with the matching parameters, including the time evolution generated by the END wave function. This procedure is the recommended one to use for a posteriori quantum state analysis even when the END evolution has been done for the case of zero width Gaussians, i.e., classical nuclei. Thus, since it is now established that the END nuclear wave function for low excitations can to a good approximation be represented as a product of vibrational and rotational CS, the expressions in Eqs. ͑6͒ and ͑79͒ can be used to compute probabilities for vibrational and rotational eigenstates, and, thus, provide a posteriori quantum vibrational and rotational resolution of cross sections obtained from classical trajectory calculations.
VI. CONCLUSION
The canonical CS have countless applications. First derived by Schrödinger 2 and later analyzed by many 1 these CS display remarkable properties. One of the most useful properties in the context of molecular processes is the quasiclassical evolution. Janssen 16 constructed all-spin rotational CS that evolve quasiclassically. Involving both integer and half-integer spins these CS have not seen much application to physical systems. Our work establishes that integer-only rotational CS can be constructed that exhibit quasiclassical dynamics. A notable property of the integer-only rotational CS is the nonzero minimum angular velocity attained as the angular momentum decreases to zero. The Janssen construction does not follow Perelomov's prescription of constructing group-related CS. The metric of these CS for the resolution of the identity is nondefinite. The facts that the construction of Atkins and Dobson 17 employs Perelomov's prescription for the case of the symmetric rotor CS, that it coincides with the Janssen construction restricted to symmetric rotors, and that these have a positive definite measure, make it plausible that there exists CS from a suitable Perelomov construction with a positive measure for both the all-spin CS and the integeronly CS.
It is known that the canonical CS remain quasiclassical in the presence of a time-dependent linear external field. We have not investigated whether this holds true also for the rotational CS when subjected to some external torque.
In this paper we have concentrated on extracting probabilities for rotational quantum levels of molecules from nuclear trajectory calculations of molecular processes. This application is valid both for dynamics involving predetermined potential energy surfaces as well as for direct nonadiabatic approaches such as END.
